Probabilities

e
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Random Variable

> Random variable (fiH122 %&): is an uncertain quantity/number.
> Outcome (458 ): is an observed value of a random variable.
> Event (3514): is a single outcome or a set of outcomes.

e Mutually exclusive events (B.J5514): are events that cannot both happen at

the same time.
e Exhaustive events (i [/ ZE1}): are those that include all possible outcomes.

» Probability distribution: describes the probabilities of all the possible outcomes

for a random variable.

> Discrete random variable and continuous random variable
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Discrete Random Variable and Probability Function

» A probability function, denoted p(x), specifies the probability that a random
variable is equal to a specific value. More formally, p(x) is the probability that
random variable X takes on the value X, or p(x) = P(X = Xx).

» The two key properties of a probability function are:
o 0<p(x)=>1.

® > p(x) =1, the sum of the probabilities for all possible outcomes, x, for a

random variable, X, equals 1.
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Continuous Random Variable and Distribution Function

(a) Probability density function

f(X)

F(-1.0)=0.1587

-1 0 1

(b) Cumulative distribution function

1_

F(X)
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Unconditional Probability and Conditional Probability

P(AB
> Conditional probability 25 1M P(A|B)=%
> Joint probability Bt &M% P(AB)
» Multiplication rule: P(AB)=P(A|B)xP(B)
P(A) P(B)

P(AB)
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Independent and Mutually Exclusive Events

» The occurrence of A has no influence of on the occurrence of B
® P(A|B)=P(A) or P(B|A)=P(B)
® P(AB)=P(A)xP(B)
® P(A or B)=P(A)+P(B)-P(A)xP(B)
» Addition rule: P(A or B)=P(A)+P(B)-P(AB)
e If A and B are mutually exclusive events, then: P(A or B)=P(A)+P(B)
P(A) P(B)

P(AB)
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» Bond A and Bond B have the same rating and the same probability of default. It
IS also estimated that:

® The probability that both Bond A and Bond B will default during the next
year is 5%; and

® |f Bond A defaults next year, there is a 50% probability that Bond B will
also default.

What is the probability that neither Bond A nor Bond B will default over the
next year?

A. 75%
B. 80%
C. 85% P(AB)=5%; P(B|A)=
D. 95%

P(AB) 5%

P(A) P(A)
P(AUB)=1-P(AUB)=1-[P(A)+P(B)-P(AB)]
=1 - (10%+10%-5%)=85%

= 50% — P (A)=10%
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Probability Matrix

> Joint and Unconditional Probabilities

Interest Rates
Increase No Increase
Good 14% 6% 20%
Economy Normal 20% 30% 50%
Poor 6% 24% 30%
40% 60% 100%
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EXAMPLE 2.2: FRM EXAM 2007—QUESTION 93

The joint probability distribution of random variables X and Y is given by
flx,y)=kxxxyforx=1,2,3,y=1,2,3, and k is a positive constant.
What is the probability that X + Y will exceed 5?

a. 1/9
b. 1/4
c. 1/36
d. Cannot be determined

ANnswer: b. The function x x y is described in the following table. The sum of the entries is
36. The scaling factor k must be such that the total probability is one. Therefore,
we have k= 1/36. The table shows one instance where x + y > 5, which is x =
3,y = 3. The probability is p = 9/36 = 1/4.

xxy|lx=1 2 3
y=1 1 2 3
2 2 4 6
3 3 6 9
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Bayes’ Formula

» P(AB)=P(A|B) XP(B) =P(B|A) XP(A)

p(A|B) = PBIA  bay
P(B)
» Example:
PRI 2 WX 9% 0.3 #I 0.7
ML2s Ui A T ML 28 Ui 5T
mRNEA 7 0.8 0.2
I YN 0.1 0.9

Bl NS, I A R R 7
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Bayes’ Formula

80%
Lﬁﬁf
30%
20%
/ 2 /Xr :
B
\ Z Wi B 10%
/
70%

Zirson T 90%
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» You are examining a pool of senior secured loans and observe that 10% of the loans are
delinquent (#2c) in their interest payments. The outstanding balance on 60% of the
delinquent loans exceeds the value of the collateral pledged to secure them and the
outstanding balance on 30% of the non-delinquent loans exceeds the value of the collateral
pledged to secure them. If you randomly select a loan from the pool and observe that its
collateral value is less than the outstanding balance, what is the probability that the loan is

delinquent?
A. 6% ’ Exceed-
B. 9% ) 60%-
) Delinquent.
C'ﬂ ) 10%. m Non-Exceed-
D.  54% )
oane«
Exceed-
90%- 30%-
Delinquent.
m Non-Exceed-
0 0
P(Delinquent ‘Exceed )= 10%>x60% =18% .
10% x 60% +90% x 30%
12-13
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